Introduction {#Sec1}
============

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0 \le \alpha \le \beta$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$p_{m,k} ( x ) = \begin{pmatrix} m \\ k \end{pmatrix} x^{k} ( 1 - x )^{m - k} $$\end{document}$$ are the fundamental Bernstein polynomials \[[@CR3]\].
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                \begin{document}$$ K_{m}^{ ( \alpha,\beta )} ( f;x ) = ( m + \beta + 1 )\sum _{k = 0}^{m} p_{m,k} ( x ) \int_{\frac{k + \alpha}{m + \beta + 1}}^{\frac{k + \alpha + 1}{m + \beta + 1}} f ( s )\,ds. $$\end{document}$$ $\documentclass[12pt]{minimal}
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                \begin{document}$K_{m}^{ ( \alpha,\beta )}$\end{document}$ are linear positive operators called Kantorovich--Stancu operators.

In recent years, Bernstein--Kantorovich--Stancu operators have been modified and studied by many mathematicians. For instance, in \[[@CR4]\] Cai et al. defined a new type *λ*-Bernstein operators, and a Kantorovich variant of the modified Bernstein operators was introduced and studied in \[[@CR7]\]. In the last three years, Mursaleen et al. investigated several approximation properties for a Kantorovich type generalization of *q*-Bernstein--Stancu operators in \[[@CR14]\], applied ($\documentclass[12pt]{minimal}
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H. Khosravian-Arab, M. Delghan, and M.R. Eslahchi introduced in \[[@CR9]\] the following operators: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ p_{m,k}^{M,1} ( x ) = a ( x;m )p_{m - 1,k} ( x ) + a ( 1 - x;m )p_{m - 1,k - 1} ( x ),\quad x \in [0,1] $$\end{document}$$ and $$\documentclass[12pt]{minimal}
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                \begin{document}$a_{1} ( m )$\end{document}$ are two unknown sequences which are determined in an appropriate way. Note that, for $\documentclass[12pt]{minimal}
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                \begin{document}$a_{1} ( m ) = - 1$\end{document}$, ([1.5](#Equ5){ref-type=""}) becomes the well-known identity for the fundamental Bernstein polynomials $$\documentclass[12pt]{minimal}
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                \begin{document}$$p_{m,k} ( x ) = ( 1 - x )p_{m - 1,k} ( x ) + xp_{m - 1,k - 1} ( x ),\quad 0 < k < m. $$\end{document}$$ From ([1.5](#Equ5){ref-type=""}), the operators ([1.4](#Equ4){ref-type=""}) become $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} B_{m}^{M,1} ( f;x ) =& a ( x;m )\sum _{k = 0}^{m} p_{m - 1,k} ( x )f \biggl( \frac{k}{m} \biggr) + a ( 1 - x;m )\sum_{k = 0}^{m} p_{m - 1,k - 1} ( x )f \biggl( \frac{k}{m} \biggr) \\ =& a ( x;m )P_{m - 1}^{ ( 0,1 )} ( f;x ) + a ( 1 - x;m )P_{m - 1}^{ ( 1,1 )} ( f;x ). \end{aligned}$$ \end{document}$$

We try to extend some results to the Kantorovich--Stancu operators considering the operators denoted by $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \overline{K}_{m}^{ ( \alpha,\beta )} ( f;x ) = ( m + \beta + 1 )\sum _{k = 0}^{m} p_{m,k}^{M,1} ( x ) \int_{\frac{k + \alpha}{m + \beta + 1}}^{\frac{k + \alpha + 1}{m + \beta + 1}} f ( s )\,ds,\quad m \in N, x \in [0,1]. $$\end{document}$$

Auxiliary results {#Sec2}
=================

Lemma 2.1 {#FPar1}
---------
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                \begin{document} $$\begin{aligned} &\mathrm{(i)}\quad P_{m}^{ ( \alpha,\beta )} \bigl( ( t - x )^{p};x \bigr) = \sum_{i = 0}^{p} \begin{pmatrix} p \\ i \end{pmatrix} \frac{1}{ ( m + \beta )^{p - i}}B_{m} \bigl( ( \alpha - t\beta )^{p - i} ( t - x )^{i};x \bigr); \\ &\mathrm{(ii)}\quad K_{m}^{ ( \alpha,\beta )} \bigl( ( t - x )^{p};x \bigr) = \frac{1}{p + 1}\sum_{i = 1}^{p + 1} \begin{pmatrix} p + 1 \\ i \end{pmatrix} \frac{1}{ ( m + \beta + 1 )^{i - 1}}P_{m}^{ ( \alpha,\beta + 1 )} \bigl( ( t - x )^{p + 1 - i};x \bigr). \end{aligned}$$ \end{document}$$

Proof {#FPar2}
-----
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                \begin{document} $$\begin{aligned} P_{m}^{ ( \alpha,\beta )} \bigl( ( t - x )^{p};x \bigr) &= \sum _{k = 0}^{m} p_{m,k} ( x ) \biggl( \frac{k + \alpha}{m + \beta} - x \biggr)^{p} = \sum_{k = 0}^{m} p_{m,k} ( x ) \biggl( \frac{k}{m} - x + \frac{m\alpha - k\beta}{m ( m + \beta )} \biggr)^{p} \\ &= \sum_{k = 0}^{m} p_{m,k} ( x ) \left ( \sum_{i = 0}^{p} \begin{pmatrix} p \\ i \end{pmatrix} \biggl( \frac{k}{m} - x \biggr)^{i} \biggl( \frac{m\alpha - k\beta}{m ( m + \beta )} \biggr)^{p - i} \right ) \\ &= \sum_{k = 0}^{m} p_{m,k} ( x ) \left ( \sum_{i = 0}^{p} \begin{pmatrix} p \\ i \end{pmatrix} \frac{1}{ ( m + \beta )^{p - i}} \biggl( \alpha - \frac{k}{m}\beta \biggr)^{p - i} \biggl( \frac{k}{m} - x \biggr)^{i} \right ) \\ &= \sum_{i = 0}^{p} \begin{pmatrix} p \\ i \end{pmatrix} \frac{1}{ ( m + \beta )^{p - i}} \Biggl( \sum_{k = 0}^{m} p_{m,k} ( x ) \biggl( \alpha - \frac{k}{m}\beta \biggr)^{p - i} \biggl( \frac{k}{m} - x \biggr)^{i} \Biggr) \\ &= \sum_{i = 0}^{p} \begin{pmatrix} p \\ i \end{pmatrix} \frac{1}{ ( m + \beta )^{p - i}}B_{m} \bigl( ( \alpha - t\beta )^{p - i} ( t - x )^{i};x \bigr). \end{aligned}$$ \end{document}$$

\(ii\) We have that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &K_{m}^{ ( \alpha,\beta )} \bigl( ( t - x )^{p};x \bigr)\\ &\quad = \frac{m + \beta + 1}{p + 1}\sum_{k = 0}^{m} p_{m,k} ( x ) \biggl[ \biggl( \frac{k + \alpha}{m + \beta + 1} - x + \frac{1}{m + \beta + 1} \biggr)^{p + 1} - \biggl( \frac{k + \alpha}{m + \beta + 1} - x \biggr)^{p + 1} \biggr] \\ &\quad = \frac{m + \beta + 1}{p + 1}\sum_{k = 0}^{m} p_{m,k} ( x )\left ( \sum_{i = 1}^{p + 1} \begin{pmatrix} p + 1 \\ i \end{pmatrix} \biggl( \frac{1}{m + \beta + 1} \biggr)^{i} \biggl( \frac{k + \alpha}{m + \beta + 1} - x \biggr)^{p + 1 - i} \right ) \\ &\quad = \frac{1}{p + 1}\sum_{i = 1}^{p + 1} \begin{pmatrix} p + 1 \\ i \end{pmatrix}\frac{1}{ ( m + \beta + 1 )^{i - 1}} \Biggl( \sum_{k = 0}^{m} p_{m,k} ( x ) \biggl( \frac{k + \alpha}{m + \beta + 1} - x \biggr)^{p + 1 - i} \Biggr) \\ &\quad = \frac{1}{p + 1}\sum_{i = 1}^{p + 1} \begin{pmatrix} p + 1 \\ i \end{pmatrix}\frac{1}{ ( m + \beta + 1 )^{i - 1}} P_{m}^{ ( \alpha,\beta + 1 )} \bigl( ( t - x )^{p + 1 - i};x \bigr). \end{aligned}$$ \end{document}$$ □

Corollary 2.2 {#FPar3}
-------------
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Proof {#FPar4}
-----
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                \begin{document}$$ \bigl\vert P_{m}^{ ( \alpha,\beta )} \bigl( ( t - x )^{p};x \bigr) \bigr\vert \le \sum_{i = 0}^{p} \begin{pmatrix} p \\ i \end{pmatrix} \biggl( \frac{M}{m + \beta} \biggr)^{p - i}B_{m} \bigl( \vert t - x \vert ^{i};x \bigr), $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$c ( p ) = \max_{i = \overline{0,p}}c ( i )$\end{document}$ in ([2.3](#Equ10){ref-type=""}), by ([2.2](#Equ9){ref-type=""}) it follows $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \bigl\vert P_{m}^{ ( \alpha,\beta )} \bigl( ( t - x )^{p};x \bigr) \bigr\vert \le& c ( p )\sum_{i = 0}^{p} \begin{pmatrix} p \\ i \end{pmatrix} \sqrt{ \biggl( \frac{x ( 1 - x )}{m} \biggr)^{i}} \biggl( \frac{M}{m + \beta} \biggr)^{p - i} \\ \le& c ( p ) \biggl( \sqrt{ \biggl( \frac{x ( 1 - x )}{m} \biggr)} + \frac{M}{m + \beta} \biggr)^{p} \\ \le& 2^{p - 1}c ( p ) \biggl( \sqrt{ \biggl( \frac{x ( 1 - x )}{m} \biggr)}^{p} + \biggl( \frac{M}{m + \beta} \biggr)^{p} \biggr) \\ \le& C ( p ) \biggl( \frac{x ( 1 - x )}{m} \biggr)^{\frac{p}{2}} + O \biggl( \frac{1}{m^{p}} \biggr). \end{aligned}$$ \end{document}$$ From ([2.4](#Equ11){ref-type=""}) and Lemma [2.1](#FPar1){ref-type="sec"}, we obtain estimate ([2.1](#Equ8){ref-type=""}). □

The first four central moments for $\documentclass[12pt]{minimal}
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                \begin{document}$K_{m}^{ ( \alpha,\beta )}$\end{document}$ are as follows: $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &K_{m}^{ ( \alpha,\beta )} ( t - x;x ) = - \frac{\beta + 1}{m + \beta + 1}x + \frac{2\alpha + 1}{2 ( m + \beta + 1 )}, \\ & \begin{aligned} K_{m}^{ ( \alpha,\beta )} \bigl( ( t - x )^{2};x \bigr) = {}&\frac{m - ( 2\alpha + 1 ) ( \beta + 1 )}{ ( m + \beta + 1 )^{2}}x ( 1 - x ) \\ &{}+ \frac{ ( \beta + 1 ) ( \beta - 2\alpha )}{ ( m + \beta + 1 )^{2}}x^{2} + \frac{3\alpha^{2} + 3\alpha + 1}{3 ( m + \beta + 1 )^{2}}, \end{aligned} \\ & \begin{aligned} K_{m}^{ ( \alpha,\beta )} \bigl( ( t - x )^{3};x \bigr) ={}& {-} \frac{ ( 3\beta + 5 )m - ( \beta + 1 )^{3}}{ ( m + \beta + 1 )^{3}}x^{2} ( 1 - x ) \\ &{}+ \frac{ ( 12\alpha + 10 )m - 6 ( 2\alpha + 1 ) ( \beta + 1 )^{2} + 4 ( \beta + 1 )^{3}}{4 ( m + \beta + 1 )^{3}}x ( 1 - x ) \\ &{}- \frac{4 ( 3\alpha^{2} + 3\alpha + 1 ) ( \beta + 1 ) - 6 ( 2\alpha + 1 ) ( \beta + 1 )^{2} + 4 ( \beta + 1 )^{3}}{4 ( m + \beta + 1 )^{3}}x \\ &{}+ \frac{4\alpha^{3} + 6\alpha^{2} + 4\alpha + 1}{4 ( m + \beta + 1 )^{3}}, \end{aligned} \\ & K_{m}^{ ( \alpha,\beta )} \bigl( ( t - x )^{4};x \bigr) \\ &\quad = \frac{3m^{2} - 2 ( 3 + 4 ( \beta + 1 ) + 3 ( \beta + 1 )^{2} )m}{ ( m + \beta + 1 )^{4}} \bigl( x ( 1 - x ) \bigr)^{2} \\ &\qquad {}- \frac{ [ 4 ( 2\alpha + 1 ) + 2 ( 6\alpha + 1 ) ( \beta + 1 ) - 6 ( \beta + 1 )^{2} ]m - 2 ( 2\alpha + 1 ) ( \beta + 1 )^{3}}{ ( m + \beta + 1 )^{4}}x^{2} ( 1 - x ) \\ &\qquad {}+ \frac{ ( 6\alpha^{2} + 10\alpha + 5 )m + 2 ( 2\alpha + 1 ) ( \beta + 1 )^{3} - 2 ( 3\alpha^{2} + 3\alpha + 1 ) ( \beta + 1 )^{2}}{ ( m + \beta + 1 )^{4}}x ( 1 - x ) \\ &\qquad {}- \frac{2 ( 2\alpha + 1 ) ( \beta + 1 )^{3} - 2 ( 3\alpha^{2} + 3\alpha + 1 ) ( \beta + 1 )^{2} + ( 4\alpha^{3} + 6\alpha^{2} + 4\alpha + 1 ) ( \beta + 1 )}{ ( m + \beta + 1 )^{4}}x \\ &\qquad {}+ \frac{5\alpha^{4} + 10\alpha^{3} + 10\alpha^{2} + 5\alpha + 1}{5 ( m + \beta + 1 )^{4}}. \end{aligned}$$ \end{document}$$

Remark 2.3 {#FPar5}
----------

Using the results obtained by Gavrea and Ivan (\[[@CR5]\], Theorem 14, Theorem 15, Remark 16), it is straightforward to give the following estimates: (i)For any $\documentclass[12pt]{minimal}
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Remark 2.4 {#FPar6}
----------

From Mamedov's theorem \[[@CR10]\] it follows that:
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                \begin{document}$$ \lim_{m \to \infty} \frac{1}{K_{m}^{ ( \alpha,\beta )} ( ( t - x )^{p};x )} \Biggl( K_{m}^{ ( \alpha,\beta )} ( f;x ) - f ( x ) - \sum _{i = 1}^{p} K_{m}^{ ( \alpha,\beta )} \bigl( ( t - x )^{i};x \bigr) \frac{f^{ ( i )} ( x )}{i!} \Biggr) = 0. $$\end{document}$$

Modified Kantorovich--Stancu operators {#Sec3}
======================================

Now, we modify the Kantorovich--Stancu operator as follows: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \overline{K}_{m}^{ ( \alpha,\beta )} ( f;x ) = a ( x;m )K_{m - 1}^{ ( \alpha,\beta + 1 )} ( f;x ) + a ( 1 - x;m )K_{m - 1}^{ ( \alpha + 1,\beta + 1 )} ( f;x ). $$\end{document}$$

Lemma 3.1 {#FPar7}
---------

*The moments* $\documentclass[12pt]{minimal}
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                \begin{document}$i = 0,1,2$\end{document}$, *are given by* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\overline{K}_{m}^{ ( \alpha,\beta )} ( 1;x ) = 2a_{0} ( m ) + a_{1} ( m ), \\ &\begin{aligned} \overline{K}_{m}^{ ( \alpha,\beta )} ( t;x ) ={}& \frac{ ( 2a_{0} ( m ) + a_{1} ( m ) )m}{m + \beta + 1}x \\ &{}+ \frac{4 ( \alpha + 1 )a_{0} ( m ) + ( 2\alpha + 3 )a_{1} ( m ) - 4 ( a_{0} ( m ) + a_{1} ( m ) )x}{2 ( m + \beta + 1 )}, \end{aligned} \\ &\begin{aligned} \overline{K}_{m}^{ ( \alpha,\beta )} \bigl( t^{2};x \bigr) ={}& \frac{ ( 2a_{0} ( m ) + a_{1} ( m ) )m^{2}}{ ( m + \beta + 1 )^{2}}x^{2} \\ &{}+ \frac{ [ 2 ( ( 2\alpha + 3 )a_{0} ( m ) + ( \alpha + 2 )a_{1} ( m ) )x - ( 6a_{0} ( m ) + 5a_{1} ( m ) )x^{2} ]m}{ ( m + \beta + 1 )^{2}} \\ &{}+ \frac{12 ( a_{0} ( m ) + a_{1} ( m ) )x^{2} - 6 ( a_{0} ( m ) + a_{1} ( m ) ) ( 2\alpha + 3 )x}{3 ( m + \beta + 1 )^{2}} \\ &{}+ \frac{2 ( 3\alpha^{2} + 6\alpha + 4 )a_{0} ( m ) + ( 3\alpha^{2} + 9\alpha + 7 )a_{1} ( m )}{3 ( m + \beta + 1 )^{2}}. \end{aligned} \end{aligned}$$ \end{document}$$

Lemma 3.2 {#FPar8}
---------

*The central moments of the operators* $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\overline{K}_{m}^{ ( \alpha,\beta )} ( t - x;x ) = - \frac{2 ( \beta + 2 )a_{0} ( m ) + ( \beta + 3 )a_{1} ( m )}{m + \beta + 1}x + \frac{4 ( \alpha + 1 )a_{0} ( m ) + ( 2\alpha + 3 )a_{1} ( m )}{2 ( m + \beta + 1 )}, \\ &\overline{K}_{m}^{ ( \alpha,\beta )} \bigl( ( t - x )^{2};x \bigr) = \frac{ ( 2a_{0} ( m ) + a_{1} ( m ) )m}{ ( m + \beta + 1 )^{2}}x ( 1 - x ) + O \biggl( \frac{1}{m^{2}} \biggr), \\ &\begin{aligned} \overline{K}_{m}^{ ( \alpha,\beta )} \bigl( ( t - x )^{3};x \bigr) ={}& {-} \frac{ ( ( 3\beta + 8 ) ( 2a_{0} ( m ) + a_{1} ( m ) ) + 3a_{1} ( m ) )m}{ ( m + \beta + 1 )^{3}}x^{2} ( 1 - x ) \\ &{}+ \frac{ ( ( 12\alpha + 10 ) ( 2a_{0} ( m ) + a_{1} ( m ) ) + 12 ( a_{0} ( m ) + a_{1} ( m ) ) )m}{4 ( m + \beta + 1 )^{3}}x ( 1 - x ) \\ &{}+ O \biggl( \frac{1}{m^{3}} \biggr), \end{aligned} \\ &\overline{K}_{m}^{ ( \alpha,\beta )} \bigl( ( t - x )^{4};x \bigr) = \frac{3 ( 2a_{0} ( m ) + a_{1} ( m ) )m^{2}}{ ( m + \beta + 1 )^{4}} \bigl( x ( 1 - x ) \bigr)^{2} + O \biggl( \frac{1}{m^{4}} \biggr). \end{aligned}$$ \end{document}$$
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We are interested in the following cases:
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Combining ([3.2](#Equ17){ref-type=""}) and ([3.4](#Equ19){ref-type=""}), we obtain that $\documentclass[12pt]{minimal}
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In order to prove the uniform convergence of the operators $\documentclass[12pt]{minimal}
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Theorem 3.3 {#FPar9}
-----------

(\[[@CR9]\], Theorem 10)
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For the first case, we obtain the following result:

Theorem 3.4 {#FPar10}
-----------
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Proof {#FPar11}
-----
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In the second case, we have the following:

Theorem 3.5 {#FPar12}
-----------

*For any function* $\documentclass[12pt]{minimal}
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Proof {#FPar13}
-----
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                \begin{document} $$\begin{aligned} \overline{K}_{m}^{ ( \alpha,\beta )} ( f;x ) ={}& a ( x;m )K_{m - 1}^{ ( \alpha,\beta + 1 )} ( f;x ) + a ( 1 - x;m )K_{m - 1}^{ ( \alpha + 1,\beta + 1 )} ( f;x ) \\ ={}& \bigl( a_{1} ( m )x + a_{0} ( m ) \bigr)K_{m - 1}^{ ( \alpha,\beta + 1 )} ( f;x )\\ &{} + \bigl( - a_{1} ( m )x + a_{0} ( m ) + a_{1} ( m ) \bigr)K_{m - 1}^{ ( \alpha + 1,\beta + 1 )} ( f;x ) \\ ={}& \bigl[ a_{0} ( m )K_{m - 1}^{ ( \alpha,\beta + 1 )} ( f;x ) + \bigl( a_{0} ( m ) - a_{1} ( m )x \bigr)K_{m - 1}^{ ( \alpha + 1,\beta + 1 )} ( f;x ) \bigr] \\ &{}- \bigl[ - a_{1} ( m )xK_{m - 1}^{ ( \alpha,\beta + 1 )} ( f;x ) - a_{1} ( m )K_{m - 1}^{ ( \alpha + 1,\beta + 1 )} ( f;x ) \bigr]. \end{aligned}$$ \end{document}$$
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The following theorems are Voronovskaja-type results for the operators $\documentclass[12pt]{minimal}
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Theorem 3.6 {#FPar14}
-----------
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Proof {#FPar15}
-----

Applying Taylor's formula to the operators $\documentclass[12pt]{minimal}
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It is sufficient to prove that $\documentclass[12pt]{minimal}
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Using the Cauchy--Schwarz theorem, we obtain that $$\documentclass[12pt]{minimal}
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Finally, Lemma [3.2](#FPar8){ref-type="sec"} gives us ([3.6](#Equ21){ref-type=""}). □

Theorem 3.7 {#FPar16}
-----------
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                \begin{document}$$\lim_{m \to \infty} m \bigl( \overline{K}_{m}^{ ( \alpha,\beta )} ( f;x ) - f ( x ) \bigr) = \biggl( \bigl( \alpha + 1 - ( \beta + 2 )x \bigr) + \frac{ ( 1 - 2x )l_{1}}{2} \biggr)f' ( x ) + \frac{1}{2}x ( 1 - x )f^{\prime\prime} ( x ) $$\end{document}$$ *uniformly on* $\documentclass[12pt]{minimal}
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Proof {#FPar17}
-----

From ([3.5](#Equ20){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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Combining these two results, the proof is finished. □

In what follows, we will denote by $\documentclass[12pt]{minimal}
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Theorem 3.8 {#FPar18}
-----------
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Proof {#FPar19}
-----

By ([3.1](#Equ16){ref-type=""}), we have that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\begin{aligned} \delta_{m - 1,1}^{ ( \alpha,\beta + 1 )} ={}& \frac{ ( \beta + 2 )^{2}}{ ( m + \beta + 1 )^{2}} + \frac{ ( 2\alpha + 1 ) ( m - 1 )^{2}}{ ( m + \beta ) ( m + \beta + 1 )^{2}} + \frac{m - 1}{4 ( m + \beta + 1 )^{2}} \\ &{}+ \frac{3\alpha^{2} ( 3m + \beta - 2 ) + ( m + \beta ) ( 1 - 3m - 3\beta )}{3 ( m + \beta ) ( m + \beta + 1 )^{2}}, \end{aligned} \\ &\begin{aligned} \delta_{m - 1,1}^{ ( \alpha + 1,\beta + 1 )} ={}& \frac{ ( \beta + 2 )^{2}}{ ( m + \beta + 1 )^{2}} + \frac{ ( 2\alpha + 3 ) ( m - 1 )^{2}}{ ( m + \beta ) ( m + \beta + 1 )^{2}} + \frac{m - 1}{4 ( m + \beta + 1 )^{2}} \\ &{}+ \frac{3 ( \alpha + 1 )^{2} ( 3m + \beta - 2 ) + ( m + \beta ) ( 1 - 3m - 3\beta )}{3 ( m + \beta ) ( m + \beta + 1 )^{2}}. \end{aligned} \end{aligned}$$ \end{document}$$ So, $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \bigl\vert \overline{K}_{m}^{ ( \alpha,\beta )} ( f;x ) - f ( x ) \bigr\vert \le \bigl( 3 \bigl\vert a_{1} ( m ) \bigr\vert + 1 \bigr) \Bigl( \omega \Bigl( f;\sqrt{\delta_{m - 1,1}^{ ( \alpha,\beta + 1 )}} \Bigr) + \omega \Bigl( f;\sqrt{\delta_{m - 1,1}^{ ( \alpha + 1,\beta + 1 )}} \Bigr) \Bigr). $$\end{document}$$ By using the properties of the first order modulus of continuity together with the above forms of $\documentclass[12pt]{minimal}
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Now, we can formulate a new quantitative Voronovskaja-type result:

Theorem 3.9 {#FPar20}
-----------
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                \begin{document}$$ \biggl\vert \overline{K}_{m}^{ ( \alpha,\beta )} ( g;x ) - g ( x ) - \frac{1}{2}\overline{K}_{m}^{ ( \alpha,\beta )} \bigl( ( t - x )^{2};x \bigr)g'' ( x ) \biggr\vert \le C \frac{1}{m}\omega \biggl( g'';\frac{1}{\sqrt{m + \beta + 1}} \biggr), $$\end{document}$$ *where* *C* *is a positive constant independent of* *m* *and* *x*.

Proof {#FPar21}
-----

Under the above assumptions, by applying Taylor's formula to the operators $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \bigl\vert r ( t;x ) \bigr\vert \le& \omega \bigl( g''; \vert t - x \vert \bigr)\frac{ ( t - x )^{2}}{2} \\ \le& \bigl( 1 + \sqrt{m + \beta + 1} \vert t - x \vert \bigr)\omega \biggl( g''; \frac{1}{\sqrt{m + \beta + 1}} \biggr)\frac{ ( t - x )^{2}}{2}. \end{aligned}$$ \end{document}$$ When $\documentclass[12pt]{minimal}
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                \begin{document}$$ \bigl\vert a ( x;m ) \bigr\vert = \bigl\vert a_{1} ( m )x + a_{0} ( m ) \bigr\vert = \biggl\vert - 2 ( \alpha + 1 )x + \frac{2\alpha + 3}{2} \biggr\vert \le \frac{2\alpha + 3}{2}. $$\end{document}$$ From ([3.15](#Equ30){ref-type=""}) and ([3.1](#Equ16){ref-type=""}), we get $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \bigl\vert \overline{K}_{m}^{ ( \alpha,\beta )} \bigl( r ( t;x );x \bigr) \bigr\vert \le \frac{2\alpha + 3}{2} \bigl\vert K_{m - 1}^{ ( \alpha,\beta + 1 )} \bigl( r ( t;x );x \bigr) + K_{m - 1}^{ ( \alpha + 1,\beta + 1 )} \bigl( r ( t;x );x \bigr) \bigr\vert . $$\end{document}$$ Using ([3.14](#Equ29){ref-type=""}), it follows that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\bigl\vert K_{m - 1}^{ ( \alpha,\beta + 1 )} \bigl( r ( t;x );x \bigr) \bigr\vert \\ &\quad \le K_{m - 1}^{ ( \alpha,\beta + 1 )} \biggl( \bigl( 1 + \sqrt{m + \beta + 1} \vert t - x \vert \bigr)\omega \biggl( g'';\frac{1}{\sqrt{m + \beta + 1}} \biggr)\frac{ ( t - x )^{2}}{2};x \biggr) \\ &\quad \le \frac{1}{2}\omega \biggl( g''; \frac{1}{\sqrt{m + \beta + 1}} \biggr) \bigl[ K_{m - 1}^{ ( \alpha,\beta + 1 )} \bigl( ( t - x )^{2};x \bigr) \\ &\qquad {}+ \sqrt{m + \beta + 1} K_{m - 1}^{ ( \alpha,\beta + 1 )} \bigl( \vert t - x \vert ( t - x )^{2};x \bigr) \bigr]. \end{aligned}$$ \end{document}$$ Applying Corollary [2.2](#FPar3){ref-type="sec"}, it follows that there exists a constant $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \bigl\vert \overline{K}_{m}^{ ( \alpha,\beta )} \bigl( r ( t;x );x \bigr) \bigr\vert \le C\frac{1}{m}\omega \biggl( g''; \frac{1}{\sqrt{m + \beta + 1}} \biggr), $$\end{document}$$ and the proof is completed. □

Corollary 3.10 {#FPar22}
--------------
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                \begin{document}$$ \lim_{m \to \infty} m \bigl( \overline{K}_{m}^{ ( \alpha,\beta )} ( g;x ) - g ( x ) \bigr) = \frac{1}{2}x ( 1 - x )g'' ( x ). $$\end{document}$$

Proof {#FPar23}
-----

By Theorem [3.9](#FPar20){ref-type="sec"} and Lemma [3.2](#FPar8){ref-type="sec"}(ii), we obtain ([3.20](#Equ35){ref-type=""}). □

Corollary 3.11 {#FPar24}
--------------
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Proof {#FPar25}
-----

Since $\documentclass[12pt]{minimal}
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                \begin{document}$\omega ( g'';\delta ) \le 2 \Vert g'' \Vert $\end{document}$, by Lemma [3.2](#FPar8){ref-type="sec"}(ii) and Theorem [3.9](#FPar20){ref-type="sec"}, we obtain ([3.21](#Equ36){ref-type=""}). □

We can reformulate Theorem [3.9](#FPar20){ref-type="sec"} in terms of second order moduli of continuity.

Theorem 3.12 {#FPar26}
------------

*Assuming* $\documentclass[12pt]{minimal}
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                \begin{document}$$ \bigl\Vert \overline{K}_{m}^{ ( \alpha,\beta )}g - g \bigr\Vert \le C \omega_{2} \biggl( g;\frac{1}{\sqrt{m}} \biggr). $$\end{document}$$

Proof {#FPar27}
-----

The operators $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$\overline{K}_{m}^{ ( \alpha,\beta )}$\end{document}$are bounded, and by ([3.1](#Equ16){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$K_{2} \bigl( g,t^{2} \bigr) \le \frac{7}{2} \omega_{2} ( g,t ),\quad t \ge 0, g \in C \bigl( [0,1] \bigr). $$\end{document}$$ Combining the above inequalities and taking the infimum over all $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \bigl\Vert \overline{K}_{m}^{ ( \alpha,\beta )}g - g \bigr\Vert &\le \bigl\Vert \overline{K}_{m}^{ ( \alpha,\beta )} ( g - h ) - ( g - h ) \bigr\Vert + \bigl\Vert \overline{K}_{m}^{ ( \alpha,\beta )}h - h \bigr\Vert \\ &\le C_{1} \Vert g - h \Vert + \frac{C_{2}}{m} \bigl\Vert g'' \bigr\Vert \le C_{3} \biggl\{ \Vert g - h \Vert + \frac{1}{m} \bigl\Vert g'' \bigr\Vert \biggr\} \end{aligned}$$ \end{document}$$ leads to the desired result. □

Conclusions {#Sec4}
===========

In this paper, we introduce and study a modified form of the Kantorovich--Stancu operators.
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